Homework 3: Applied Probability and Statistics

UA CSC 380: Principles of Data Science, Fall 2023

Homework due at 11:59pm on Sep 27

Deliverables Your must make two submissions: (1) your homework as a SINGLE PDF
file by the stated deadline to the gradescope (Homework 3). Include your code and output of
the code as texts in the PDF. and (2) your codes in HW03.ipynb file to a separate submission
(Homework 3 code). Each subproblem is worth 10 points. More instructions:

You can hand-write your answers and scan them to make it a PDF. If you use your
phone camera, I recommend using TurboScan (smartphone app) or similar ones to
avoid uploading a slanted image or showing the background. Make sure you rotate it
correctly.

Watch the video and follow the instruction for the submission: https://youtu.be/
KMPobybg_nE

Show all work along with answers to get the full credit.
Paste all your codes and outputs in the PDF report to get full credit.
Place your final answer into an ‘answer box’ that can be easily identified.

Map the questions with your solutions when submitting. Points will be deducted if
not following this.

There will be no late days. Late homeworks result in zero credit.

Failure to follow the submission instructions will result in a minor penalty in credit.

You can choose to work individually or in pairs.

If you choose to work in pairs, you are free to discuss whatever you want with your
partner; please make only one submission per group.

Please do not discuss with people outside your group about the homework (refer to
the academic integrity policy in Lecture 1).

If you have clarification questions, please feel free to post on Piazza so that it can
promote discussion.


https://youtu.be/KMPoby5g_nE
https://youtu.be/KMPoby5g_nE

Problem 1: Law of Large Numbers / Central Limit Theorem

This problem is about verifying theoretical results learned in the class by visualizing them.
You will have to be familiar with googling and reading python library documents to solve
these problems. You may also take a look at basic numpy operators like how addition works
for vectors and matrices, and what ‘mean(A,0)’ does to a 2d numpy array A. I believe you
must already be good at googling and reading API documents — one of the basic skills a
computer science graduate must have. All the coding answers must be done with Jupyter
lab.

a) Let us numerically verify the law of large numbers. We will simulate m = 100 sample
mean trajectories of Xi,..., Xy ~ Bernoulli(x = 0.2) and plot them altogether in one
plot. Here, a sample mean trajectory means a sequence of X, Xo, ..., Xy where X is the
sample mean using samples X1, ..., X;. We will plot X,, as a function of n, but do this
multiple times. Take n from 1 to N = 1000. An ideal plot would look like the following:

1.0

0.8 -

0.6 -

0.4 A

0.2

0.0 A

(I) 2(‘)0 460 6(‘)0 860 10‘00
Figure 1:

Hints: (1) To simulate numbers from Bernoulli, you can use numpy.random.rand() and
compare each number with y; (2) numpy.cumsum() may be helpful; (3) You must use the
‘alpha’ option to pyplot.plot() to give some transparency (you should obtain a similar
look visualization as above). You may want to use the ‘color’ option to specify the color.

>>> import pandas as pd

>>> import numpy as np

>>> import numpy.random as ra

>>> import matplotlib.pyplot as plt
>>> ra.seed(31)

>>> # insert your code for a)

>>> # 100 mean trajectories

>>> for i in range(100):

# z values from 1 to 1000

x = np.arange(0, 1000) + 1



# 1000 y values tn range 0 to 1

y = [np.random.rand() for x_val in x]

# compare y wvalues to 0.2 to center on 0.2 mean
yl = [1 if y_val <= 0.2 else 0 for y_val in y]

# cumlative sum of y at every index

y2 = np.cumsum(yl)

# mean of y at every index

y3 = [y2[x_val - 1]/x_val for x_val in x]

# plot mean trajectory

plt.plot(x, y3, alpha=0.2, color="gray")
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[<matplotlib.lines.Line2D object at 0x127d7bb50>]
[<matplotlib.lines.Line2D object at 0x127d885d0>]
>>> # plot red horizontal line at 0.2

>>> plt.axhline(y=0.2, color="red")
<matplotlib.lines.Line2D object at 0x117b52650>

800 1000

b) Let us verify the central limit theorem (CLT) by simulation. For N € {10, 100, 1000, 10000},
perform:



e Take N samples from Bernoulli(x = 0.05) and compute the sample mean. Repeat

this 1000 times.

e Plot those 1000 numbers as a histogram (pyplot.hist) with a proper number of bins.

Use density=True.

e With a red line, overlay the pdf of a Gaussian distribution with the parameters

suggested by the CLT (figure this out!).

An ideal answer would look like Figure 2. To receive full credit, you must use py-
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Figure 2:

plot.subplot to have four plots in one figure. Hint: numpy.random.rand() can be used to
generate any given shape array with random numbers.

>>>

>>>
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>>>
>>>
>>>
>>>
>>>
>>>
>>>
>>>

>>>
>>>

# insert your code for b)

# for plotting normal pdf
import scipy.stats as stats

# i1nit sample sizes

n = [10, 100, 1000, 10000]

# i2nit width values for each histogram plot

width = [0.01, 0.005, 0.001, 0.0005]

# init histogram plots

fig, axs = plt.subplots(l, 4)

# i1nit = values for mormal pdf

x1 = [np.arange(0, 0.4, 0.001), np.arange(0, 0.15, 0.001),
np.arange(0.025, 0.075, 0.001), np.arange(0.04, 0.06, 0.001)]

# plot 4 histogram subplots
for i in range(4):
# get N samples



n_val = n[i]

# set subplot

subplot = axs[i]

# compute size N sample mean of bernoulls: 1000 times

binom = [np.mean(np.random.binomial(1,0.05,n[i])) for x_val in x]
# draw histogram subplot

axs[i] .hist(binom, density=True, bins=25, width=width[i])

# set subplot title

axs[i] .set_title('N = ' + str(n[i]))

# calculate std of bernoullz

std = np.sqrt(0.05%(1-0.05) /n[i])

# generate normal pdf

pl = [stats.norm.pdf(xl_val, 0.05, std) for x1_val in x1[i]]
# plot normal pdf on histogram subplot

axs[i] .plot(x1[i], pl, color="red")
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Problem 2: Maximum Likelihood Estimation

I would like to build a simple model to predict how many students are likely to come to
my office hours this semester. Because this is an arrival process, I will model the number
of arrivals during office hours as Poisson distributed. Recall that the Poisson is a discrete
distribution over the number of arrivals (or events) in a fixed time-frame. The Poisson
distribution has a probability mass function (PMF) of the form,

1
Poisson(z; \) = —')\xe_)‘.
x!

The parameter A is the rate parameter, and represents the expected number of arrivals
E[z] = A. To fit the model I will need to estimate the rate parameter using some data.

a) Write the logarithm of the joint probability distribution logp(X7, ..., X,; A).
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b) Compute the maximum likelihood estimate (MLE) of the rate parameter AM* which
maximizes the joint probability. The log-likelihood function is concave and so the MLE
can be computed by finding the zero-derivative solution. Make sure to show all of your
calculations.
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¢) During my last three office hours I received X; = 9, Xy = 12, X3 = 8 students. How
many arrivals should I expect at my next office hours under this model? Hint: use A
calculated at b).



d) T have assigned a particularly challenging homework which has led to a lot of students
X4 = 25 arriving at my office hours. Compute the MLE again, but include this new
training point. How has the model changed with this new data point?
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Problem 3: Estimating Pearson Correlation

This question will walk you through the process of estimating the Pearson correlation of
two random variables, along with confidence intervals using the bootstrap method. Lecture
slides and Chapter 8 of the textbook (Wasserman) will be helpful if you need a refresher. For
our chosen model, we will use a bivariate Gaussian distribution: P(X,Y;u, ) = N (u, 2).
For simplicity, let us assume that the distribution is zero-mean yu = (0,0)7. Let us assume
that the true (unknown) covariance matrix is,

> Var(X) Cov(X,Y) \ o% poxoy \ [ 1 05
~ | Cov(Y, X) Var(Y) ~\ poxoy o ~\Los5 1 )
We have written the covariance matrix in terms of the Pearson correlation between X and

Y,

_Cov(X,Y)  E[X-EX)Y -E[Y])] _ 05 .

v B[X-EXE[Y -Ep)] 1L

p

Using numpy.random.seed set your random number generator seed to 0 and answer the
following;:

a) Create a dataset by drawing N = 100 samples from our model using numpy.random
function multivariate_normal. Create a scatterplot of your data using matplotlib. pyplot
functions scatter. Label your axes X andY .

>>> import numpy as np
>>> import matplotlidb.pyplot as plt
>>> # insert your code for a)

>>> # setting random seed to O

>>> np.random. seed (0)

>>> # antt distribution mean

>>> mean = [0, 0]

>>> # antt covariance matrix

>>> cov = [[1, 0.5], [0.5, 1]]

>>> # generate dataset for scatter plot

>>> z, y = np.random.multivariate_normal (mean, cov, size=100).T
>>> # draw scatter plot

>>> plt.scatter(z, y, 10)
<matplotlib.collections.PathCollection object at 0x29f982890>
>>> # label = axzis

>>> plt.zlabel ("X")

Text (0.5, 0, 'X')

>>> # label y azis

>>> plt.ylabel ("Y")

Text(0, 0.5, 'Y')
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b) Compute and report the plug-in estimator of correlation, given by:
e DX = D))
VEiX = X2 - Y )?

Where X = % > X is the sample mean (and similarly for'Y).

>>> # insert your code for b)
>>> np.random. seed (0)
>>> # define rho_hat calculation function
>>> def rho_hat():
# compute z_bar
z_bar = sum(z) / len(xz)
# compute y_bar
y_bar = sum(y) / len(y)
# compute summation terms in numerator
num_sum = [(z_val - z_bar)*(y_val - y_bar)
for z_val, y_wval in zip(z, y)J
# compute numerator
num = sum(num_sum)
# compute summation terms in denominator
d0 = [np.square(z_val - z_bar) for z_val in =]
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d1 = [np.square(y_val - y_bar) for y_val in y]
# compute denominator
denom = np.sqrt(sum(d0) * sum(d1))
# compute and return rho_hat

return num / denom

>>> # call rho_hat function and write result
"+ str(rho_hat()))
Plug-in estimator = 0.5046162424282595

>>> print ('Plug-in estimator =

Repeat the above process B = 5,000 times to generate Py, ...

on a fresh set of N = 100 samples.

matplotlib.pyplot.hist with 30 bins. Label your azes.

>>> # insert your code for c)
>>> np.random. seed(0)

>>> # init array of p_hats
>>> rho_hats = []

» PN,

B, each one based

Display a histogram of your B estimates using

>>> # generate rho_hat for 5000 samples and append to Tho_hats

>>> for i in range(5000):

z, y = np.random.multivariate_normal (mean, cov, stze=100).T
rho_hats. append(rho_hat ())

>>> plt.hist(rho_hats, density=True, bins=30, width = 0.01)
(array ([0.01059535, 0.01059535, 0.02119069, 0.06357208, 0.05297673,

0.16952554, 0.264883686,
1.25025087, 1.71644611,
4.71492912, 5.06457555,
4.068613 , 3.44348756,
0.5933394 , 0.22250227,
0.26853486, 0.28741107,
0.36291591, 0.38179213,
0.45729697, 0.47617318,
0.55167803, 0.57055424,
0.64605909, 0
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. 31786039,
. 39454827,
. 28707783,
. 09787858,
. 127144186,
. 30628728,
. 40066834,
.4950494 ,
. 58943045,

.6649353 , 0.68381151,
.74044015]), <BarContainer object of 30 artists>)

>>> plt.xzlabel ('rho_hat estimator value')
Text (0.5, 0, 'rho_hat estimator wvalue')

>>> plt.ylabel ('frequency')
Text (0, 0.5, 'frequency')
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0. 0
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0.

2
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d) Use the B estimates obtained in the above question to estimate E [(pn — p)?], the mean
square error (MSE) of plug-in estimator py. What is the value of your MSE estimate?

>>> # insert your code for d)

>>> # compute mse estimate

>>> mse = np.mean([np.square(rho_hat - 0.5) for rho_hat in rho_hats])
>>> # write MSE estimate

>>> print ('MSE estimate = ' +str(mse))

MSE estimate = 0.005749295118261227
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